Reconstruction of a variety from &[[h]] -modules 



By 

Hou-Yi Chen 
Abstract 

We prove that varieties are uniquely determined by the derived category 
of £?[[ h]] -modules with coherent cohomology which is the same as ^"-modules 
proved by A. Bondal and D. Orlov. We also generalize a theorem of Orlov. 

1. Introduction 

Let X be a smooth projective algebraic variety. In [BO], A. Bondal and D. 
Orlov prove that X can be reconstructed from its bounded derived category with 
coherent cohomology when it has ample or anti-ample canonical bundle. The 
point of this reconstruction uses the facts that the Serre functor corresponds to 
an ample or anti-ample line bundle (together with a shift). 

More precisely, let X, Y be smooth projective varieties, we denote by D^ oh (&x) 
(resp. Dj? oh (^y)) the bounded derived category with coherent cohomology 
sheaves on X (resp. Y). Then we have the following theorem. 

Theorem 1.1. (Bondal-Orlov [BO]) Let X and Y be two smooth projective 
varieties and assume that the (anti)- canonical bundle of X is ample. If there 
exists an exact equivalence Dj? oh (^x) — > ^cohC^)' then X ~ Y. In particu- 
lar, the (anti) -canonical bundle ofY is also ample. 

In this paper, we are interested in the study of modules over the ring 
G\ := £?x[[^]] with formal parameter h and consider the same question as 
Theorem 1.1. Such modules naturally appear when studying deformation quan- 
tization modules (DQ-modules) in [KS]. We obtain the same result for &\- 
modules. More precisely, we prove that 

Theorem 1.2. Let X and Y be two smooth projective varieties over complex 
number field and assume that the (anti) -canonical bundle of X is ample. If 
there exists an exact equivalence Dcoh(^x) — ^ ^ohi^y) > then X ~ Y. In 
particular, the (anti) -canonical bundle ofY is also ample. 

The method of the proof of Theorem 1.2 is the same as Theorem 1.1 in [H] 
and the key point is the existence of the Serre functor. 

Recall that for smooth varieties X, Y and S g D^ oh (^xxY), we have the 
following Fourier-Mukai transform 
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where pj denote by projection for i = 1, 2. 

The following theorem is proved by D. Orlov in [O] : 

Theorem 1.3. Let X and Y be smooth complex projective varieties and let 
F : Dj? oh (^?x) — ► Dj? oh (^y) be an equivalence of categories. Then F is the 
Fourier-Mukai transform i.e., there exists § e DJ? o1i (^xxy) such that F ~ 

In this paper, we prove the similar result to Theorem 1.3 as follows: 

Theorem 1.4. Let X and Y be projective varieties and let K : Dj? oh (^-) ~~ * 
^coh(^y) ^ e an equivalence of categories. Then K is the Fourier-Mukai trans- 
form i.e., there exists S Kh £ Dj? oh ( ^ x y ) suc ^ that F ~ <& g h. 

In section 2, we review some results about DQ-modules in [DGS] and [KS]. 
We establish a fully faithful functor between the derived category of algebraic 
(^-modules and the derived category of analytic &\ -modules in section 3. 
Section 4 contains some results about the triangulated category Dj? oh (^x) in 
[H]. Finally, we prove the Theorem 1.2 and Theorem 1.4 in section 5 and section 
6, respectively. 

Note: in this paper, we assume that varieties are smooth over complex num- 
ber field C. 

Notations 

Let (X, g/x) be a topological space endowed with a sheaf of algebras or DQ- 
algebroid stf x over C R := C [[£]]. 

We denote by 

(1.1) Mod(^x): the abelian category of .^-modules, 

(1.2) Mod co h(-26f ): the abelian thick full subcategory of Mod(.e?x) consisting 
of coherent .^-modules, 

(1.3) D(^x): the derived category of Mod(^x), 

(1.4) D + (s^x)'- the full triangulated subcategory consisting of objects with 
bounded from below cohomology, 

(1.5) D h (g/x)'- the full triangulated subcategory consisting of objects with 
bounded cohomology, 

(1.6) Dj? oh (^ x ) (resp. D+ h (^x)): the full triangulated subcategory of D b (^ x ) 
(resp. ~D + {s^x)) consisting of complexes with cohomology sheaves belong- 
ing to Mod C oh(^x:)- 

2. Review on DQ-modules (after [KS] and [DGS]) 
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In this section, we review some definitions and results in [KS] and [DGS] 
which we will use in this paper. 

Modules over formal deformations 

Let X be a topological space, srf a sheaf of Z[ft]-algebra on X and h a section 
of srf contained in the center of srf ' . Let € Mod(^). Set 
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One says that M has no fi-torsion if fi : J( — >• ^# is injective and J( is h- 
complete if ^ — > Ji is an isomorphism. 
Set 

g/ loc := Z[h, h- 1 } <S>z[h] #t and s/ := srf/Ksrf. 
We assume the following conditions: 

(i) srf has no fi-torsion and is h complete, 

(ii) g/ is a left Noetherian ring, 

(iii) there exists a base 23 of open subsets of X such that for any U 6 03 and 
any coherent ( ! 2^o|[/)-module . // . we have H n (U: = for any n > 0. 

Consider the functor 

L 

gr h : D(&?) -)■ D(^ ), ^ -> gr fi (^) := ®«f 

Lemma 2.1. Let e D(^) and /e£ a G Z. T/ien we /iaue an exact sequence 
of g/ -modules 

O-^o®^ # a M0 -> H a (gr ft (^)) -> ^orf O/ ,# a+1 M0) -> 0. 

For Jt,jV 6 B h (,s/) and ^ e B h (,s/ op ) one has isomorphisms: 

(2.1) gr h (^> ®^ ~ gr R ^ gr^, 

(2.2) grjR^orrw^,^)) ~ R,^om^ (gT h (^),gr h (,yV)). 
Cohomologically ft-complete modules 

Definition 2.2. One says that an object ^# of D(^) is cohomologically fi- 
complete if RJfom^(^/ loc , Ji) = 0. 

We denote by D cc (g/) the full triangulated subcategory of T){srf) consisting 
of cohomologically fi-complete modules. 

Note that € D(^/) is cohomologically fi-complete if and only if its image 
in D(Zx[fi]) is cohomologically ^--complete. 

The functor gr R is conservative on D cc (,e/). 
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Proposition 2.3. Let . // E D cc (&/). If gT n {JZ) = 0, i/ien Jl = 0. 

The following is the corollary of Proposition 2.3. 

Corollary 2.4. Lei / : — > =yK fee a morphism in ~D cc {srf). If gr R (f) is an 
isomorphism then f is an isomorphism, i. e. the functor gr h is conservative on 

D cc GO. 

Note that if ^ G D^ oh (^), then . // £ D cc (>/). 
Corollary 2.5. TTie functor 

(2-3) gr ft : D^^) D^aff.) 

is conservative. 

Theorem 2.6. Let G D^ oh (^/) and Zei a e Z. T/ie conditions below are 
equivalent: 

(i) H a {gi h ^) ~ 0, 

(n,) LI a {Ji) ~ and H a+1 (J%) has no H-torsion. 
Formal extension 

Let be a sheaf of rings on a topological space X and set 
St :=&o[[h]] = II -^ofi" 

n>0 

be the formal extension of Mo, whose sections on an open subset U are formal 
series r = T,^ =Q rjh n , with rj E T(U\&o). Consider the associated functor 

{■f : Mod(^ ) -> Mod(^), 
•/f ' ^ = hm(^„ <g^ Jf\ 

n 

where M n :— M/h n+1 M is regarded as an M, ^o)-bimodule. Since M n is free of 
finite rank over the functor (-) h is left exact. We denote by (-) Rh its right 
derived functor. 

Proposition 2.7. Let be a basis of open subsets of the site X or, assum- 
ing that X is a locally compact topological space, a basis of compact subsets. 
Denote by Jsr the full subcategory of Mod(&o) consisting of 2T- acyclic objects, 
i.e., sheaves ,jV for which H k (S;.yV) = for all k > and all S E 2T . Then 
J ' sr is injective with respect to the functor (■) R . In particular, for JY E J g- , we 
have jV h ~ ,yV Rh . 

Example 2.8. 

(i) Quasi-coherent sheaves on an algebraic variety are acyclic for the functor 
(■) R . In particular, coherent sheaves on an algebraic variety X are acyclic 
for the functor (■) R . 
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(ii) Coherent sheaves on a complex analytic manifolds X are acyclic for the 
functor (-) R . 

Assume &q = M)- 
Corollary 2.9. For ,Jf G D|? oh (M)).- 

~ L 

(i) there is an isomorphism ,yV — > &/ ®srf ^ ' , 

(ii) there is an isomorphism gv h (jY ) ~ JY . 

In particular, the functor (-) h is exact on Mod co h(^/o) and preserves coherence. 
One thus get a functor 

(2-4) (0 Rfi :D^ )->D* oh (*0. 
DQ-algebroids 

Let (X, srfx) be a variety endowed with a DQ-algebroid srfx- Then we have 
the C-algebroid stack gv h (srfx)- 

There is a natural functor srfx — > g^ni^x) of C-algebroid stacks. Since 
gr^^x — &x, this functor induces a functor 

i g : Mod(^x) ->■ Mod(^x). 

The functor i g admits a left adjoint functor — > C ®c* The functor i g is 
exact and fully faithful and it induces a functor 

i g : D(0 X ) -»■ D(*fr). 

Moreover, the functor gr s extends to algebroid stack 

gr ft : D(*fr) -»• D(^c). 

Notice that can be endowed with a structure of {six <S> 1 e/ x p )-modulc. 
Hence we have 

L 

(2.5) gr^(^) = G x ®s/ x *d( and i g (Jt) = ai x &x ®e x • 

Proposition 2.10. The functor gr h and i g define pairs of adjoint functors 
(gr ft ,i s ) and (t a ,gr ft [-l]). 

Let x 6 , we denote by fc(x) := C(x) the skyscraper sheaf supported in x 
with value C. 

Proposition 2.11. ([P] Proposition 3.3.1.) The functor i g induces a functor 

L g :D h coh (0 x )^D h coh (^x). 

Moreover, if & e Mod co h(^'x), then gi h i g ^ ~ ^"[1] © & . In particular, 
gT h i g k(x) ~ fc(ar)[l] ©fc(x). 

Definition 2.12. An .e^x-modules J>f is invertible if it is locally isomorphic to 
£?x, namely for any u G the Snd^ x (er)-module S£(a) is locally isomorphic 
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to Snd^ x (a). 

Definition 2.13. Let A and A' be two sheaves of C-algebras. An A ® A 1 - 
modulc L is called bi-invcrtible if there exists locally a section ui of L such that 
A 3 a i->- (a ® l)u G £ and 4' 3 a' 4 (1 8 a')u € L give isomorphisms of 
A-modules and ^'-modules, respectively. 

Definition 2.14. Let A be a smooth subvariety of X and let be a coherent 
^x-niodule supported by A. One says that is simple along A if gr s (Jzf) is con- 
centrated in degree and H°(gT h (^f)) is an invertible G^®e x gr^(^x)-module. 

Denote by 5x ■ X <— >• X x X a the diagonal embedding. 

Proposition 2.15. Let be an {s^x <8> -module. 

(a) 77ie following conditions are equivalent: 

(i) is a bi-invertible {s?x ® £^x<>) -module (see definition 2.13), 

(ii) ^# is invertible as an s^x -module, that is, ^# is locally isomorphic to srf x 
as an g/x -module (see definition 2.12), 

(iii) ^# is invertible as an £/x a -module. 

(b) Under the equivalent condition in (a), 5x*^ — > ^4xi« ®a? x ^a? X a $x*-^ 
is an isomorphism and Sx*-^ has a structure of an s/xxX a -module along the 
diagonal of X x X a . 

(c) Conversely, if jV is a simple .e/xxX a -module along the diagonal of X x X a , 
then S^jy satisfies the equivalent conditions (a) (i)-(iii). 

Proposition 2.16. The category of bi-invertible (jrf x ® s^x a ) -modules is equiv- 
alent to the category of coherent sixxx a -modules simple along the diagonal. 

Definition 2.17. We regard 8x*^x as an £/xxX a ~ module supported by the 
diagonal and denote it by ^x- 

Corollary 2.18. The s^xxX a ~module c &x is coherent and simple along the 
diagonal. Moreover, s^xxx a ®ai x ^ai xa ^x — > c &x is an isomorphism in 
Mod^xX"), and s^x — > S^Ctfx) is an isomorphism in Mod(^Sf ® ^x a )- 

Remark 2.19. The category of bi-invertible {srfx ® .e^fo )-modules has a struc- 
ture of a tensor category with unit object srf x . 

Corollary 2.20. For a bi-invertible (s^x ® ^x a ) -module ', the functor 

& ®^ x (•) : D^ oh K x ) — > B b coh (^ x ) 
is an equivalence with inverse functor 
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Corollary 2.21. For a bi-invertible {sJx ® &&x°-)- module & , gr h £? is a line 
bundle by definition. 

Corollary 2.22.([KS] (2.4.1)) For D(sJx) and a bi-invertible {six <S> 

six*) -module & , we have the isomorphism 

L L 

(2.6) Honw x {Jg, Ji) ~ Hom^ x {&> ®,^ x Ji , «w x Ji). 

Remark 2.23. The above results also valid when replacing six by <^x[[fi]]- 

3. A fully faithful functor 

Let X be a smooth algebraic variety with associated complex manifold X an . 
We have a natural morphism 

(3.1) i : X an -> X 

of topological spaces and a morphism i~ x 0x ~^ ^x an of sheaves of rings. Hence 
we get a functor 

(•)an : Mod coh (^ x ) — > Mod coh (^x an ) 

which induces the functor of full triangulated subcategories formed by coherent 
cohomology (we keep the same notation) 

(3-2) (-)an : D* oh (^) — ► D^ oh (^ a J. 

Set 

0\:=e x [[h\\ and^ an 
We also have the following functors induced by (2.3) and (2.4). 
(3.3) gr ft : D b coh {0 x ) (resp. D^tf* J) — > D^xXresp. D* oh (^ a J) 
and 

(3-4) (O^^D^O-^D^^J- 

Definition 3.1. We define the functor (-) an to be the compositions of the 
functors (3.2), (3.3) and (3.4): 

(3.5) (•)*, : D^ oh (^) ^ D b coh {0 x ) { -H Db oh (^ a J ^ D* oh (0* J. 

Theorem 3.2. Assume X is projective. Then the functor (-) an of (3.5) is fully 
faithful. 

Proof. For Ji , J/ £ ^coh(^x)' we nave the following natural morphism 

(3.6) RHom^ {J(, J/) — ► RHom^ ((^)^ n , (^J 

Taking gr n to (3.6) and use Serre's GAGA theorem (cf. [C] Corollary 1.4), (2.2) 
and Corollary 2.9, we get the following isomorphism 

RRom (?x (gr h J/,gT R J / ) RHom^ Xan ((gr^) an , (gr ftt /K) an ). 
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Since the functor gr h is conservative by Corollary 2.5, this implies that (3.6) is 
an isomorphsm and the resul follows. □ 



We denote by Cl x (resp. Vt p x ) the sheaf of regular (resp. holomorphic) 
p-forms on X (resp. A an ) and set fl x ~ ^f mX (resp. ~ ^x™ Xan ) and 

set n x := n x [[h]] and Vt x ^ := Xan [[^]]. Then we have 

Lemma 3.3. We have (n x )% n = Q x ^. 

4. Review on the triangulated category Dc oh (^jf) 
In this section, we review some results in [H]. 

Definition 4.1. A collection S of objects in a triangulated category V is a 
spanning class of V if for all B E T> the following two conditions hold: 

(i) If Hom(A, B[i]) = for all A G S and all i G Z, then B ~ 0. 

(ii) If Bom(B[i],A) = for all A 6 S and all i G Z, then B ~ 0. 

Proposition 4.2. Let X be a projective variety. Then the objects of the form 
k(x) with x E X a closed point span the triangulated category Dj? oh (^x)- 

Definition 4.3. Let V be a C-linear triangulated category with a Serre functor 
S. An object P G V is called point like of codimension d if 

i) S(P)~P[d] 

ii) Hom(P, P[i\) = for i < 0, and 
hi) fc(P) := Hom(P, P) = C. 

An object P satisfying hi) is called simple. 

Proposition 4.4. Let X be a projective variety. Suppose & is a simple ob- 
ject (i.e. Homf^,^) = C) in D^ oh (ffx) with zero dimensional support. If 
Hom(^, =0fori<0, then 

J? ~ k(x)[m] 

for some closed point x E X and some integer m. 

Proposition 4.5. Let X be a projective variety. Suppose that fix or Q* x is 
ample. Then the point like objects in Dj? oh (^x) are the objects which are iso- 
morphic to k(x)[m], where x G X is a closed point and m G Z. 

Definition 4.6. Let V be a triangulated category with a Serre functor S. An 
object L G T> is called invertible if for any point like object P G P there exists 
np G Z (depending also on L) such that 
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Proposition 4.7. Let X be a projective variety. Any invertible object in 
Dj? oh (^x) is of the form L[m] with L a line bundle on X and m E Z. Con- 
versely, if fix or fl x is ample, then for any line bundle L and any m E Z the 
object L[m] E Dcoh(<^x) is invertible. 

Lemma 4.8. Let X be a projective variety, x E X a closed point, and & E 
Dj? oh (^?x)- Suppose Hom(j?", k(y)[i]) = for any closed point y ^ x and any 
i ETL and Hom(^", = for i < or i > dimX . Then & is isomorphic 

to a sheaf concentrated in x E X . 

5. Proof of Theoreml.2 

In this section, we shall prove Theorem 1.2 as stated in the introduction. 

Let (X, six) be a projective variety endowed with a DQ-algebroid six- Re- 
call from [C] that the morphism l : X an — > X of (3.1) induces a (analytic) 
DQ-algebroid six lln on X an and the natural functor 

(•)an : Mod(si x ) -> Mod(^ an ) 
induces the following equivalence 

(5-1) (Oan : D^(^) ^> D^(^0- 

First we show that the existence of the Serre functor on Dj? oh (six an ) induces a 
Serre functor on D^ oh (s/x) by (5.1). 

Theorem 5.1. Let (X, six) be a projective variety endowed with a DQ-algebroid 
six- Then the triangulated category ^\! oh (s/x) has a Serre functor defined by 
Sx ■ ^ — > Qx ®-s^x ^[dim(X)] where fl x is an invertible six-module such 
that (fl x ) an ~ ^x an where ^x an * s defined in [KSJ such that gT h fl x ^ ~ ^x an - 

Proof. By the equivalence of (5.1), there exists a coherent six -module fix sucn 
that (ft^)an = flx an - By [KS] Corollary 3.3.4, we have 

RHom^ xan (^l n ,fif an <g^ Xan ^an)[dim(X)] -A- (RHonw Xan (^T an , J^))* . 
Since 

RHonw x (.^,fi£ ^#)[dim(X)] ~ RHonw Xan {jV^fl^ <|^ Xan 

^ an )[dim(X an )] 

and 

(RHom^M^))* ~ (RHom^ (^ an ,^ an ))*, 

the result follows. Since gr h (fl x ') an = (gr h fl x ') an = fl Xa . n , g^t^x - n x a lo- 
cally free ^x-module of rank 1 and hence fix has no ft-torsion by Theorem 2.6. 
Hence fix is invertible. □ 

Corollary 5.2. Let X be a projective variety. Then the triangulated category 
Dcoh(^x) has a Serre functor defined by Sx '■ ^ — > fl\ ®ff h ^#[dim(X)] where 



9 



Q x is an invertible & x -module such that (Q x )an — ^x an ( c f- Lemma 3.3). 

Proof. The proof is the same as Theorem 5.1 and using Theorem 3.2. □ 

We recall the following definition. 

Definition 5.3. We say that two functors F, F' : A —> B from category AtoB 
are isomorphic if there exists a morphism of functors ip : F — > F' such that for 
any object A G A the induced morphism tpA ■ F(A) — > F'(A) is an isomorphism 
inS. 

Proposition 5.4. Let X andY be projective varieties. Assume F : D^ oh (g/x) — 
Dj? oh (j2?y) is an equivalence. Let Sx (resp. Sy) be the Serre functor of X (resp. 
Y) in Theorem 5.1. Then there exists an isomorphism 

F o Sx — Sy ° F. 

Proof. Since F is fully faithful, one has for any two objects A, B £ A 

KRom(A,S x (B)) ~ R~Kom(F (A), F(S X B)) and 
RHom(i?, A) ~ KRom(F(B),F(A)). 

Together with the two isomorphisms 

RUom(A,S x (B)) ~ RHom(i?, A)* and 
KRom(F(B),F(A)) ~ RHom(F(A), SyF(B))*, 

This yields a functorial isomorphism 

RHom(f '( A), FSx(B)) ~ RHom(F(A), S Y F(B)). 

Using the hypothesis that F is an equivalence and in particular that any object 
in B is isomorphic to some F(A) one concludes that there exists a functor iso- 
morphism F o Sx — Sy o F. □ 

Lemma 5.5. Let X be a projective variety. Then the objects of the form i g k(x) 
with x e X a closed point span the triangulated category Dj? oh (^x). 

Proof. First we prove the condition (i) in Definition 4.1: Honw x (^#, i g k(x)) = 
0, then we get 

Hom^ x (^#, i g k(x)) = Hom^ x (gr s ^#, k(x)) = for all x <E X. 

Since k(x) is a spanning class of Dj? oh (^x) by Proposition 4.2, we get gr^^# ~ 
which implies ./# ~ by Proposition 2.2. The condition (ii) is similar to (i) by 
Proposition 2.10. □ 

Proposition 5.6. We have Hom^ x (i g k(x),i g k(x)) ~ Hom^ x (gi h i g k(x), k{x)) z 
Romff x (k(x),gi h i g k(x)[-l}) ~ Hom^ (k(x), k(x)) ~ C. 

Proof. Consider the following distinguished triangle 

k(x)[l] — ► k(x)[l] © k(x) — ■+ k(x) k(x)[2] 
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which induces the exact sequence 

— ► Hom(fc(x), fc(x)) — > Hom(fc(x)[l] © k(x), k{x)) — ► 

since Hom(fc(x)[i], k(x)) = for i > 0. This implies that Hom(fc(x)[l] © 
k(x),k(x)) ~ Hom(fc(i), fc(x)) ~ C. 

Similarly, Hom(fc(x), fc(x)[-l] © fc(x)) ~ Hom(fc(x), k(x)) ~ C. 

Now the results follow from Proposition 2.10 and Proposition 2.11. □ 

Proposition 5.7. Let X andY be projective varieties. Assume F : D^ oh (s^x) — 
D^ oh (£/y) is an equivalence, then dimX = dimF. 

Proof. First we show that i g k(x) ~ i g k(x) <S> fix — Sx(i g k(x))[—dimX}: 
Kom(igk(x)®rix , igk(x)) ~ Hom(gr ft (i s fc(x)®f2^), fc(x)) ~ Hom(gr s (i fl fc(x))(8) 
gr ft ftf, fc(x)) ~Hom((fc(x)[l]©fc(x))(8)f2x,fc(a;)) ~ Hom(fc(x)[l]ffifc(x), fc(x)) ~ 
Hom(fc(x)[l], fc(x))©Hom(fc(x), fc(x)) ~ Hom(fc(x), fc(x)) ~ Hom(i g A:(x), i g k(x)) 
since i 9 : Mod(^x) — > Mod(^x-) is fully faithful. Hence for a nonzero mor- 
phism / : i g k(x) ® fix — ¥ h^( x ) there exists g : i g k(x) — > i g k(x) <S> fix sucn 
that fog = id lgk(x) . 

Similarly, Hom(i s fc(x), i g k(x) ®fl x ') ~ Hom(fc(x), gr ft (i s fc(x)[-l] ®fl^)) ~ 
Hom(fc(x), (k(x)®k(x)[-l])®fl x ) ^ Hom((fc(x), fc(x)) ~ Hom(i s fc(x), i g k(x)) ~ 
Hom(i g fc(x) (g> Vlx,i g k(x) <S> fix) because by Corollary 2.22. Hence, there 
exists /i : i g k(x) ® — > i g k{x) such that goh — id igk ^ x ^ n ^ . 

Hence we get i g k(x) <g) — i g k(x). 

Now F(i g k(x)) ~ F{i g k{x)®fl^ )= P(Sx(i 9 fc(x))[-dimX]) = S Y F(i g k(x)) 
[-dimX])= F(i g k(x)) ® Q^[dimY - dimX]. 

Taking grade functor, we get gr h F(i g k(x)) ~ gr h F(i g k(x)) ® ily[dimY" — 
dimX] which implies dimJf = dimF since gr h F(i g k(x)) ^ 0. □ 

Definition 5.8. Let V be a C n -linear triangulated category with a Serre functor 
S. An object P 6 £> is caHec? pomi Zifce o/ codimension d if 

i) S(P) 

ii) Hom(P, P[i]) = for i < 0, and 
hi) fc(P) := Hom(P, P) = C. 

yln object P satisfying hi) is ca/Zed simple. 

Example 5.9. For x G X , i g k(x) is a point like of codimension dimX = n in 

i) S(i g k(x)) ~ i g k(x)[n], 

ii) Hom(i g fc(x), i g k(x)[i]) = for i < 0, 

hi) k(i g k(x)) := Hom(i fl fc(x), i g k(x)) ~ C by Propostion 5.6. 

Lemma 5.10. Let X be a topological space with sheaf of rings t%x- Suppose 
M £ Dcoh^^f) an d supp{^£) = Z\U Z 2 , where Z\, Z 2 C X are disjoint closed 
subsets. Then ^ = © ^l 2 with supp^j C Zj for j = 1,2. In particular, 
the same result holds when replacing the sheaf of rings £%x by the DQ-algebroid 
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stack srfx ■ 



Proof. We have the following distinguished triangles: 

RT ZinZ2 (^) — > RT Z , (.,#) ® RT Z2 {.//) — > RT ZlUZ2 (^) -±4 . 
Since RT ZinZ2 (.J?) — and RT ZlUZ2 (^) = we get 

Jt ~ i?r Zl (.#) © i?r Z2 (..#). 

It remains to prove that RT Zl {^() and RTz 2 {^) are coherent. We have the 
following two exact sequence 

— > H Zi {Jt) — > H^Jf) — > H l Z2 {Jf) — > 

— ► H l Z2 ( Jt) — ► — > fl^ (^T) — > 0. 

Since H l (^) is coherent, we get H l Zi {^) and H Z2 (^C) are coherent. □ 

Lemma 5.11. Suppose M is a simple object in Dj? oh (^/x) wiift HH % ^ = 
and zero dimensional support. // Hom^^J'jj]) = for i < 0, then 
~ i s fc(x)[m] /or some closed point x £ X and some integer m. 

Proof. Let us show that jfi is concentrated in exactly one closed point. Other- 
wise j$ could be written as direct sum ./# ~ .-#2 with ^ 0, j = 1, 2 
by Lemma 5.10. However, a direct sum of two non-trivial complexes is never 
simple. Indeed, the projection to one of the two summands is not invertible. 

Thus, we may assume that the support of all cohomology sheaves 3C l of ^ 
consists of the same closed point x G X. Set 

mo := max{i | H l ^ 0} and m\ := min{i | H l =/= 0}. 

Since both modules J$? m " — i g ^o and Jf mi — i g ^i are concentrated in x G 
X and there exists non-trivial homomorphism J^o — > hence there exitst 
non-trivial homomorphism JMC m ° — > J$? mi since i g is fully faithful. Now the 
composition 

[m ] — > ,ye ma — > Jf mi — > J'lmi] 

is nontrivial. This shows mo = m\ by Definition 5.8 (ii). Hence ^# = jY[m] 
with = ig.jp for some coherent ^x-module & supported in x and m = itlq = 
mi. Since Hom^ x (i g ^, i g ^) = Hom^ x {gv h i g ^, = Hom^^, J') = C, 
this implies that & = k(x) by Proposition 4.4. □ 

Proposition 5.12. Let X be a projective variety. Suppose that Qx or Q* x is 
ample. Then the point like objects in DcohC- 2 ^) are ^ e objects which are iso- 
morphic to i g k(x)[m], where x G X is a closed point and m G Z. 

Proof. Let ^ be a point like object in D^f^x)- Then ft : ^ — >• is zero. 
Indeed, if ft : 2? — > 2? is not zero then it is an isomorphism since Hom(^, 
is a field, then from the distinguished triangle 
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we have gr h £P = which implies that # = a contradiction. Hence we 
get KW ,9 s = for each j and W ,9 s — i g ,^ for some coherent ^x-module 
Since &> ® £1^ ~ ^, gr ft ^ ® Ox ^ gr^- Hence dimsupp^ 1 = since 
supp^ 2 = suppgr^^ 2 . Hence by Lemma 5.11 we have ,9 s = i g k{x)[m\. 

□ 

Lemma 5.13. Suppose that F : D^ oh (g/x) — > ^coh(-^y) is an exact equiva- 
lence with Ox an (anti)-ample line bundle. Then there exists a bisection between 
point like objects on X and point like objects on Y and invertible modules on X 
and invertible modules on Y up to a shift functor. 

Proof. First it is easy check that there is a bijection between point like objects 
and point like objects. 

Next we shall prove that point like objects in D h Qh (g/Y) are of the form 
i g k(y)[m] for some y EY and m E Z. 

Since F is an equivalence, for any closed point y E Y there exists a closed 
point x y e X and an integer m y such that i g k(y) ~ F(igk(x y )[m y }). 

Suppose there exists a point like object P E Dj? oh («e/y) which is not of the 
form i g k(y)[m] and denote by xp E X the closed point with F{i g k{xp){mp\) ~ 
P for a certain mp E Z. 

Note that xp ^ x y for all y EY. Hence we have for all y E Y and all m E Z 

Hom(P, i g fc(y)[m]) ~ Hom(P(igfc(xp))[mp], F(i g k(x y ))[m y + m]) ~ 
Hom(i s fc(xp), i g k(x y )[m y + m — mp}) = 0. 

Since the objects igfc(y)[m] form a spanning class in D^ oh (j2/y), this implies 
P ~ which is absurd. Hence, point like objects in E>j? oh (j2?y) are exactly the 
objects of the form i g k(y)[m]. 

Now we prove that if & is an invertible ^/x-module then F{&) is an in- 
vertible .e/y-module up to shift functor. 

Since 

Hom < y x (gr R ^',fc(x)[j]) ~ Uom^ x (0>,i g k(x)\j}) ~ 
Hom^(F(^),F(i 9 fc(x))[j]) ~Hom^( J F(^),z 9 fc( 2 /)[j+m]) ~ 
Hom^(gr ft F(5»), +m]) - Hom, y (ff-™(gr R F(^)) ) k(y)[j}) 

this implies that gr h F(&) = L[m] for some line bundle L by Corollary 2.21, 
Proposition 4.5 and Proposition 4.7. Hence F (&>)[— m] is invertible, we get the 
result. □ 

Theorem 5.14. Let X andY be two projective varieties. Assume F : Dj? oh (^ x ) 
Dj? oh (<^y) is fully faithful, then there induces a fully faithful functor F' := 
gv h oFo (.) R " : D b coh (0 x ) — > D b coh (0 Y ). 

Proof. We have 

RUomff Y {gi h F{^) Rh ,gr h F{yy) Rh ) ~ C ® CR RHom^ (F(.#) Rft , F(^) Rfi ) ~ 

C ® CR RHonw x ((^f) Rft , (^) R ") ~ RHom^(gr fi (^) Rfi ,gr fi (^) RA ) ~ 

RHom^ x (^#, t yf / ') . 
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Theorem 5.15. Let F : D^ oh (^) — ► ^ oh (0 Y ) be an exact equivalence with 
fix is (anti)- ample, then X ~ Y. In particular, fly is (anti)- ample. 

Proof. We first assume that fly is ample. By Corollary 2.20 and Lemma 5.13, we 
may assume that F(ff x ) ~ ff Y . Since F is an equivalence, dimX = dimY" = n 
by Proposition 5.7, this proves 

F {(fl x )® k ) = F{S k x {ff x ))[-kn] ~ S® k {F{& x ))[-kn] ~ S® k [0 Y )[-kn] = 

(n Y )® k . 

Using that F' is fully faithful by Theorem 5.14, we have 

H°(X, Clf) = Hom(0 x ,n x k ) ~ Rom(F>(t? x ),F>(Cl x )) = 
Kom &Y (0 Y ,nf k ) = H°(Y,flf k ). 

The product in ®H°(X, £l x ) can be expressed in terms of compositions: 
namely, for s; e H°(X, = Hom(^ x , one has 

Sl • s 2 = S'x( s 2)[-fci«] ° Si 

and similarly for sections on Y. 
Hence, the induced bijection 

0ff°(x, n x )~®H°(Y,n x ) 

is a ring homomorphism. Since Y is also ample, then it shows 

x ~ Proj(0ff o (x,f4)) ~ Proj(0i/ o (y,^)) ~ y. 

Thus, under the assumption that fly (or fl Y is ample we have proved the 
assertion. 

Finally, we shall remove the assumption of the ampleness of fly by proving 
that it is really a ample line bundle. 

We continue to use that for any k(y), with y G Y a closed point, there exists a 
closed point x y G X with F(i g k(x y )) = i g k(y) (indeed, using Hom(^, k(x y )) ~ 
Hom(^|, igk(xy j) ~ Hom(^y, i s fc(j/)[m]) ~ Hom(^y,fe(j/)[m]) would implies 
that to = 0) and that F((0|)® fc ) = (^)® fc for all k G Z. 

Now we show that F'(k(x y )) = k(y) and that F'(f^) = fl Y for all fe G Z. 
Indeed, for any k(y), with y G T a closed point, we have 

Rom(gv h Fk(x y )[[h]},k(y)[i\) ~ Hom(F*(^)[[ft]], i fl *(l/) W) - 
Hom(fc(xj / )[[fi-]],« 3 fc(xj / )[z]) ~ Hom(fc(:Ey), fc(x y )[z]). 

Hence by Lemma 4.8, & := gr h Fk(x y )[{H]} = F'k(x y ) is concentrated in y G Y. 
Hence gr h Fk(x y )[[h]] is simple object in Dj? oh (X) with zero dimension support 
and Kom(&,&[i]) = for i < 0, then 

^ ~ fc(y) 
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by Proposition 4.4. 
Also, we get 

Eom(k(x y ),k(x y )[l}) =Uom(F'k(x y ),F'k(x y )[l}) = Hom(fc(y), k(y[l\). 
Now the proof for ampleness of Qy is the same as [H] P. 97 and P. 98. □ 

Corollary 5.16. Let C be a curve of genus g(C) ^ 1 and let Y be a projective 
variety. If there exists an exact equivalence Dj? oh (^) ~ Dj? oh (^?y), then Y is a 
curve isomoprhic to C. 

We will prove the converse statement in the next section. 

6. Proof of Theorem 1.4 

We first review the notions of generators and compactness in triangulated 
categories. 

Definition 6.1. Let T be a triangulated category. Let X — (Ci)n=i be a set 
of objects of T. One says that X generates T if for every D e T such that 
Homf (Ci[n],D) = for every d Gl and n e Z then D = 0. 

Definition 6.2. Let T be a triangulated category. Assume that T admits arbi- 
trary small direct sums. An object T in T is compact if Hom7-(T, •) commutes 
with small direct sums. We denote by T c the full subcategory of T consisting 
of compact objects. 

Let A be a variety, we denote by D qco h(^x) the derived category of 0x~ 
modules with quasi- coherent cohomology sheaves and Perf(A) the category of 
perfect complex on X. Since X is smooth, we have Perf(A) = D^ oh (^x)- 

Example 6.3.([BM] Theorem 3.3.1) For a variety X, we have D qcoh (^ x ) c = 
Pcrf(A) = D b coh (0 x ). 

Definition 6.4. A triaugulated category T is called compactly generated if it 
admits arbitrary small direct sums and generated by a set X of compact objects 
of T. 

Theorem 6.5. (The Brown Representability Theorem ([NJ Theorem 4-V) Let 
S be a compactly generated trianglated category, T any triangulated category. 
Let F : S — > T be a triangulated functor. Suppose F commutes with small direct 
sums; that is , the natural map 

F(s x )^F(®s x ) 
AeA AeA 

is an isomorphism. Note that although we are not assuming that 7~ has direct 
sums, we are assuming that the object on the right is a direct sum of the objects 
on the left. Then F has a right adjoint G : T — >• S. 
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Example 6.6.([BM] Theorem 3.3.1) D qco h(^jf) is compactly generated by an 
object JK G Dj? oh (^ x ). 

Now we begin to prove Theorem 1.4 assuming the following equivalence 

^:Dcoh(^)^Dcoh(^)- 

For a scheme X, we denote by D(Qcoh(Xj) the derived category of quasi- 
coherent sheaves on X, D b (coh(X)) the bounded derived category of coherent 
sheaves on X and Perf(X) the perfect complex on X. 

Recall that for schemes X, Y and <§ G D(Qcoh(X x Y)), we have the fol- 
lowing Fourier-Mukai transform, 

:= Rp 2 (<^ ® pl(-)) : D(Qcoh(X)) D(Qco/i(F)) 
where pi denote by projection for i = 1, 2. 

We have the following results. 

Theorem 6.7. ([LO] Corollary 9.13) Let X be a quasi-projective scheme and 
Y be a quasi-compact and separated scheme. Let F : Perf(X) — > D(QcohY) be 
a fully faithful functor. Then there is an object $ G D(Qcoh(X x Y j) such that 

(1) the functor <& <r|p e rf(x) : Perf(X) -> D(QcohY) is fully faithful and<&g(P) ~ 
#(P) /or any P G Pcrf(X) 

(2) i/ F sends Perf(X) to Perf(y) i/ien i/ie /tmcfor $^ : T>(QcohX) 
D(Qco/iY~) is fully faithful and also sends Perf(X) to Perf(Y); 

(3) ifY is noetherian and F sends Perf(X) to D h (QcohY) co \ 1 , then the object 
§ is isomorphic to an object ofD h (coh(X xY)). 

Now we assume that X and Y are smooth varieties. Recall that we have the 
following equivalences: 

D(QcohX) D qcoh (^ x ) and B b (cohX) V* oh (0 x ). 

Corollary 6.8. By Theorem 6.7, there exists § G Dj? oh (^xxr) such that 

®e : D qcoh (^ x ) — > D qcoh (^y) 

is fully faithful and ®g(P) ~ if(P) /or P G Dj? oh (<? x ). 

Definition 6.9. We say ^# G D(^) is quasi-coherent if gi h ^ G D qco h(^x)- 

We denote by D qcc (^^) the triangulated subcategory of D(^-) consisting 
of cohomologically complete and quasi-coherent (^-modules. 

Proposition 6.10. The category D qcc (^) is C h -linear triangulated subcate- 
gory of D(^). 

Corollary 6.11. D qcc (^) is compactly generated by ^ Kh for some . // G 

Dcoh(^). 
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Proof. Use Proposition 2.10 and Example 6.6. □ 

Proposition 6.12. Let J( G D(^) be a cohomologically complete object and 
a G Z. If H l {gv h {J?)) = for any i < a, then H l {^) = for any i < a. 

Proposition 6.13. ([KS] Theorem 1.64) If G D £c(^x) is such thatgr h Jt G 
D+ t (^),iknleD+ h (4). 

Definition 6.14. We denote by (-) cc the functor 

R^om^((^ lo 7^)[-1],.) : D(^) ^D(^). 
Corollary 6.15. ([P] Corollary 3.2.7) For every leD(^), 

gr h ^ cc ~ gr„„#. 

Definition 6.16. Let (^) ie j be a family of objects of D cc (^). We set 
where denote the direct sum in the category D(^). 

Proposition 6. 17. ( [P] Propostion 3.2.9) The category D cc (^?^) admits direct 
sums. The direct sum of the family (Mi)i^i is given by 

iei 

Proposition 6.18. ([P] Propostion 3.2.10) The category D qcc (^) admits di- 
rect sums. The direct sum of the family is given by 0^. 

Proposition 6.19. ([BM] Theorem 3.3.3) Let X be a quasi- compact, separated 
scheme and let Y be a scheme. Let f : X Y be a separated morphism. Let 
: D qco h(^x) — > Dqcoh(^y) be the direct image functor. Then the natural 

map 

®Rf*(-^i)^Rf*(®^i) 

iei iei 
is an isomorphism; that is, i?/* commutes with direct sums. 

Corollary 6.20. ([KS] 1.5.12) Let f : X — > Y be a morphism of varieties and 
let .// G D(/-V£) then 

Rf^ cc ~ (R/»^) cc in D(^). 

Define a functor 

: D qcc (^|) -> D qcc (£*) 
by §gKn{Jt) := Rp 2 ^ Kh ® Pl -i^ pi" 1 ^) 00 . 

Proposition 6.21. TTie functor $^rr commutes with direct sums, i.e., the 
following natural morphism is an isomorphism: 
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flp 2 *(0(^ Rfi ® pr i^» pr 1 -^))" — »• ^2*(^ Rfi ® p -v, pr^e-^rr- 

Proof. The first arrow is the natural morphism. The second isomorphism follows 
from Corollary 6.20. Finally we have the following morphisms 

R P 2^ Rh ® Pl -vj Pi\®-^i) cc ) cc - 
Rp 2 *RJ?om p - ! ^ (pa 1 << loc / 0* [- 1] , ® p - l0 > 



and 



iW0(^ Rn %-i ff , v?J(i)T^ 

iJft t RJfom }) - v «{p 2 - 1 ^ lo 7^[-l], ® p - v , pr 1 ©^))- 
From the natural morphism 

0(^) cc (®^) cc and ~ (^) cc , 
we get the following morphism 

Taking grade functor and use Corollary 6.15 and Proposition 6.19, we get 



□ 



Proposition 6.22. TTie functor $ g nn{J() := (Rp 2 *(<$' Rh ® Pl -i e * pi _1 -#) cc ) 
is /tt% faithful sending Dcoh(^f) ^° Dc O h(^y0 anc ^ ^ as r *S^ adjoint functor. 

Proof. Consider the following morphism 

RHom(y#, — >• RHom($ (? Rft^, <& S rkjV). 

Taking grade functor, and using $^ is fully faithful, we get <I>^rr is fully faithful. 
Now use Theorem 6.5, Proposition 6.13 and Proposition 6.21 and the fmiteness 
of convolution. □ 

Proposition 6.23. Let F : T> — > V be a fully faithful exact functor between 
triangulated categories and suppose that F has a right adjoint F H H . Then 
F is an equivalence if and only if for any C G V the triviality of H(C), i.e. 
H(C) ~ implies C ~ 0. 

Proposition 6.24. The following functor 

: D qcc (^|) -> D qcc (0$) 
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is an equivalence. 



Proof. Fully faithfulness of $^as is proved in Proposition 6.22. 

Now we prove the surjectivity. Denote by G the right adjoint functor of $,j>rk. 

Then for Jt G D qcc (<?£) and JY G D qcc (^), we have 

RHom($^ E J', ^f) ~ RHom(^, G^). 

If G^K ~ 0, then RHom(gr fi $ (f RR^, gr h .yV) ~ RHom^^ gr h .£ , gr fe «/f) = 0. 
Denote by if' the inverse functor of if. Let ^# = (if'^#') R?i with G 
Dp oh (^y) which implies that gr s ^K ~ by example 6.6, then ,JV ~ since ,jV 
is cohomologically complete. 
This proves the equivalence 

D q oc(^|) ^ D qcc (^) 

by Proposition 6.23. □ 

Corollary 6.25. The equivalence functor $^rb induces the following equiva- 
lence (we keep the same notation) 

**** ■■ D^oh(^) ^ D^oh«)- 

Proof. By Propositioin 6.24, we only need to prove the surjectivity. Let 
.JV G Dj? oh Then there exists J( G D qcc (^) such that $ <f R R (^) ~ 
taking grade functor we get §g{gr h Jl) ~ g? h -jV ~ K{^) ~ by the 

equivalence of if for some G Dj? oh (^x)- Since $^ is an equivalence, this 
implies that gr ft .^f ~ .9 G D^ h (^x) and hence J( G D+ cc (<^) by Propo- 
sition 6.12. Since gY h Jt G Dj? oh (^ x ), G D+ h (<?£) by Proposition 6.13. 
Hence by Lemma 2.1 and Nakayama's Lemma, we get J$ G Dj? oh (^-). Thus, 
$^rr (^#) ~yKas desired. □ 
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